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Introduction

Discontinuous Galerkin (DG) method
@ DG method is proposed by Reed and Hill.

@ The solution is approximated by discontinuous piecewise polynomials,
and its continuity between each element is controlled by numerical
flux.

o L? norm and energy norm: many results ([ABCM02], [AMO09], etc.)

@ LP norm: [CCO4] (L*°norm, smooth domain), fewer results

— There are a few applications to nonlinear problem using DG method.

In FEM, there exist many works using LP norm.

Using method [Sch80], we analyze L® norm on a polygonal domain
without assuming the convexity of the shape of domain.
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Poisson equation

Poisson equation

—Au=f in Q
{ u=g on 02 (1)
Q C R?: polygonal domain without assumption convexity
feL?Q), ge H/?(0Q)
For g = 0, its weak solution u € H} () satisfies
/ Vu - Vudz = (f,v)q "ve HLHQ). (2)
Q
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Poisson equation

Let a be a maximum angle of €2, and 8 = 7/a.

Prop. 1 ([Gri76])

If u € H}(Q) satisfies (2), then following properties hold.

(i) If Q is a convex polygonal domain (3 > 1), then u € H*(Q) N H} (Q)

and u satisfies
ul gz < I1f 12y -

(i) If © is an non-convex polygonal domain (1/2 < 5 < 1) and
f € LP(Q) for some 1 < p < 2/(2 — f3), then uw € W2P(Q) N HL ()
and there exists a positive constant C' depending only on €2 and p
such that

||U||W2’p(g) <C HfHLp(Q) :
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Tr:shape-regular and quasi-uniform triangulation of €2, i.e. there exists C

such that h h
K
— < C, — <. 3
PK hi 3
(hk :=diam K, pg: radius of inscribed circle of K, h := maxgecT;, hi)
For zg € Q and d > 0, Sg(xg) :={z € Q: |z — xo| < d},
d(Qo, Ql) 1= dist (90,891), dQ(Qo, Ql) 1= dist (90,891 \89)

Function Spaces

VP :={ve LP(Q): v|g € Wl’p(fg), (Vv)|ox € LP(OK)"K € Ty}
VP(Qp): restriction of VP to Qp, VP(Qp) := {v € VP(Qp): suppv C Qo}
Vi, = V7 (Q) := {vn, € L*(Q): vp|k is polynomial of degree <r"K € T}
Vi (), Vi(Q0): defined similarly.
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Ep: the set of all edges of K € Ty,
5,? (resp. &7): the set of all edges on boundary (resp. in interior) of
For v € VP and e € &, define {-} and [-] as below.

o Ifeec&?,

1
fo} = 5(1)1 + v2), [v] == ving + vang,

1
{Vo} = §(V1)1 + V), [Vv] := Vuy - ny + Vg - na.

o Ifec &9,
{o} ==, [v] :=vn, {Vv} := Vo, [Vv] :== Vv n.

v; = vk, (For e € &, Ky and K satisfy e C 0K N 0OK>)
n;: outer unit normal vector of e on K;
n: outer unit normal vector of e on Of)
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Norm of V?(£2)
@ Forl1l<p< oo,

HUHVP Qo Z “vnwlp([{mﬂo
KeTy
1 p
+ D he? H[[”]]”Lp(emo) + D he VORI i) -
ecéy, e€Ey

@ For p = oo,

ol = a3 ol

-1
e Mol e ey + X IEVO e e

Here, he = (hk, + hk,)/2 if e € E and he = hi if e € EP.
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Scheme of DG

Bilinear form and functional

For u € VP and v € V¥,

a(u,v) == Z /KVu-Vvdac

KeT
-3 [Avubd + (7N + 3 [ Ll

F(v) :=/vadx+ Z /g <h£v — Vv-n> ds.
6655 ¢ c

o: sufficiently large constant
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cheme of DG

Scheme of DG

Find wup €V s.t.
a(up, x) = F(x) "X €V

(4)

v

Prop. 2 (Consistency)

The solution u of (1) satisfies u € H*((2) for some s > 3. Then,
a(u,v) = F(v) "ve V2 (5)

In particular, if uj, € V}, is a solution of (4) then Galerkin orthogonality

a(u—up,x) =0 VX € Vh. (6)

v
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3 . Main theorems
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PDE on disk D

—Au+u=f in D (7)
Op,u=0 on 0D

D cC Q: open disk of center at 2y and radius R
Op,: normal derivative on 9D

Bilinear form of (7):

ab(u,v) == Z / (Vu - Vv +uwv)dz
Ker, /KND

-2 [ Avablel+ qvebtadas+ 5 2 [ plpdas

ecEp V€ e€ly
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Assumptions

There exists a function a: Ry — R which is bounded neighborhood of 0
such that

ap(u—up,v) < Cha(h) || £l 2oy 10llyee )
Vf e LA(D), v € V(D) (8)
for sufficiently small h.

C'is a positive constant independent of h.
The solution u of (7) and wuy, satisfy Galerkin orthogonality for al,.

[0l 00 := V]l oo () + @(R) V][00 ()

We can take a(h) = 1 by properties of al,.
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There exist convex polygonal domain Qo> Q and its triangulation 7, such
that the restriction of 7}, into €2 is 7y, and the constant C' in (3) is same.

We define &,, VP(Q), V() using Ty,.

Q(Red) and Q(Blue)
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Interior error estimate

Thm. 1 (Interior error estimate)

Let x be a positive constant and open sets Qy C Q; C Q satisfy
d=d(Qo,21) > kh. If u€ V> and uy, € Vjsatisfy

alu—up,X) =0 "x € V.

Then, under the assumption 1, there exists a positive constant C'
independent of h, u, anduy, such that

[u = unllpoo () £ C < inf [lu— x|, o, +llu— uh||L2(Ql))

for sufficiently small h.
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Weak discrete maximum principle

Thm. 2 (Weak discrete maximum principle)
Assume that uy, € V}, is discrete harmonic, i.e. uy, satisfies
a(un,x) =0 Yx € V. 9)

Then, under the assumption 1, there exists a positive constant C
independent of A and wuy, such that

lunll Loy < C llunll oo a0 (B)

for sufficiently small h.
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L error estimate

Thm. 3 (L> error estimate)

If u e V> and uy, € V}, satisfy
a(u—up,x) =0 x € V.

Then, under the assumption 1 and 2, there exists a positive constant C'
independent of h, u, and wuy, such that

— ooy < C | inf — = - C
o=l <€ (86 Tu=xlg+ s wlimn)  (©

for sufficiently small h.

Under the assumption of 3, if u € W"T1>(Q), then,

lu = wnll oo @) < OB [ullyrat,ooq - (D)
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4 . Numerical results
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Numerical results

We perform numerical computations for Thm. 2 and Cor. 1 in two
domains below.

1 1 , , N
0.8 + o 0.8 -
0.6 L 0.6 _
04 + r 0.4 +
0.2 + - 0.2 +

0 INSNINAAL, 0 NN NN

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Square domain L -shaped domain
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Numerical results for Thm. 2

For f =0, g = cos(mx) cos(my), the numerical solution wu, satisfies (9).
Maximum and minimum of uy, in ©Q and 9 are below.

Shape h min up, min up, max up, max up
Square 0.152... | —1.014... —-1.014... | 1.014... 1.014...
0.076... | —1.004... —1.004... | 1.004... 1.004...
L -shaped 0.152... | —1.014... —1.014... | 1.014... 1.014...
0.079... | —1.004... —1.004... | 1.004... 1.004...

Maximum and minimum of u;, in Q and 9%

The constant C'in (B) is near by 1. We expect it satisfies discrete
maximum principle.
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Numerical results of Cor. 2

We calculate L™ error between exact solution u(z,y) = sin(7x) sin(my)
and numerical solution u, of Poisson equation.
Orders of error are about O(h"*1). It is better result than Cor .2.

107 - 10? prpe Ty
= i T3 Sgquare —M— EEEEE—— 1% Square —@— :
L-Shape —&— : L-Shape —&— :
102 s f0° :
10%
103 A
10 Bl ‘/
W
10 - 107
102 107" 102 107
h h
L*> error forr =1 L error for r = 2

Error of FEM in [Sch80] is O(h? |logh|) if r = 1 and O(R" 1) if r > 2.
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Numerical results of Cor. 2

In L-shaped domain, we calculate error for u which has the correct singular
asymptotic of 72/ near the reentrant corner.
Errors decrease according to decreasing of h. But orders are less than O(h).

10 10°

r=1 ‘—I}l - =2 A
o

St ;
. <

L Error forr =1 L Error forr =2

-1 -1

10
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5 . Brief proofs
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Let @ € V°°(D) satisfying supp@ C 3D. If @, € V;,(D) satisfies
ap(@—1in,x) =0 "x € Va(D).

Then,
i — anll ey < C ll, (10)

for sufficiently small h.

If wy, satisfies ab(wp, x) =0 7x € Vi(D). Then,

[wn(@0)] < C llwnll () (11)

for sufficiently small h.
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Brief proof of Thm. 1

lw — unll oo gy < € <Xig§h le =Xl q, + lu— Uh“L2<91>> (A)

Brief proof.

Firstly, we show similar estimate for a'(u,v) = a(u,v) + (u,v)q.
Let R < d(0,81) and D C ©; be an open disk centered at

T = argmax,cq, |u(z) — up(x)| and radius R.

We take w € C’go(%D) as0<w<landw=1on %D, and put @ := wu.
Let @y, satisfy assumption of Lem. 1. Then @ — uy, satisfies the
assumption of Lem. 2 on iD and

|@n (o) — un(z0)| < Cllall, 1p + Cllu = unll 2 -

We get the estimate for a! and prove Thm. 1 using the estimate of a!.
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Brief proof of Thm. 2

[unll o) < C llunll Lo o) (B)

v

Brief proof. Step 1.

Let 2o € Q satisfy |up(20)| = ||unl 100 (o) and put d = dist(zo, 9),
p = max{d,h}. By Thm. 1 and inverse inequality,

lunll @y < Co™ " HlunllL2gs, o)) - (12)

Let ¢ € C5°(Sy(x0)) satisfy (|9l 2(s, (o)) = 1- Let v € Hy(Q2) be the
solution of (1) for f = ¢ and g = 0.

Then, v € W2P(Q) for some 4/3 < p < 2 and a(v,w) = (¢, w)q for each
we V2 Let v, € Vy satisfy

a(w—om,x)=0 "x €V

A\
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Brief proof of Thm. 2

Brief proof. Step 2.

By assumption of uy and properties of a,

|(un, @)l < Ch™H unll poo(aqy 10 = vallvr(a,) (13)

where Ay, := {z € Q: dist(z,00) < h}.

We put d; = Rp2~7 and divide (2 into annuli

Aj:={x € Q:djy1 <|z— x| <dj}. By L? error estimate, properties of
Poisson equation, h < p < Cd; < Ry, and p > 4/3,

J
1/2
o = vnllya,) < C 3R o = vnllyaaynay
j=0
+ C’pl/2h1/2 ||U — UhHV?(Athgp(mo))

< Chp. (14)

Using (12), (13) and (14), (B) holds.
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Brief proof of Thm. 3

o= wnllmey < € (86 =l lu—uilimom) (O

Brief proof. Step 1.

Let @ € V°°(Q) be the extension of w and satisfy HﬂHVoo(ﬁ) < Cllullyec(q)
and @ = 0 over 09, Let @), € V,(Q) satisfy

Qi — iin, x) =0 "x € Vi(Q).

Here, a is defined by similarly of a using 7, and &,. By Thm. 1,

i — inll ooy < Cllil, g + C i — inll o g - (15)

v
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Brief proof of Thm. 3

Brief proof. Step 2.

By continuity of a and regularity of Poisson equation.
17 = @l o) < Ol - (16)
Since a(up — ap, x) =0 for x € Vi,

[un — @nll Loy < C'llun — tnll Lo a0
< Cllafl, g+ Cllu — unll Lo 90 (17)

using Thm. 2, 1 and (16).
Since u — up, = (u — x) — (up — x) for each x € V4, (C) holds.
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Conclusions

o We get interior error estimate, weak discrete maximum principle, and
L error of DG method for Poisson equation.

@ However, the result of estimate is lough comparing with [CC04] and
numerical result.

o For future work, we will analyze a(h) and [lu — up|| oo (5 more
strictly, and conclude the estimate like FEM in [Sch80].
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