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Introduction

Numerical computitaion for a smooth domain

We utilize polyhedral approximations of the domain.

For the standard FEM, the methods and analysis are well developed so far.
For other methods including the DG method, there is room for further
study.

Analysis of Nitsche's method and DG method for Poisson equation with
Robin boundary condition in a smooth domain.

Related studies
> Barrett & Elliott(1988)
FEM for Neumann and Robin condition in a smooth domain

» Juntunen & Stenberg(2008)
Nitsche's method for Neumann and Robin condition in a polygonal
domain
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2 . Model equation and Schemes
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Model equation

Poisson equation

—Au = f in
1
@—Flu = 1u0+g on I (1)
ov ¢ €

Q C R (d =2 or 3), its boundary I' = 99 is sufficiently smooth.
0 < e < o0, v: outward unit normal vector

e — 0: Diriclet condition, € — oo : Neumann condition
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Preliminaries-Domain

Qy,: polygonal domain, T'y, = 9Qy,, Tj,: shape-regular triangulation of Q,
Ty, : the set of all edges (or faces) of K € Ty,

En={E €TI,: E CT}}: partition of T,

Assume that every vertices of F € &, lieson T'.

On neighborhood of T", there exists orthogonal projection 7 satisfying

x =m(z)+d(z)v(r(x))




Preliminaries-Domain

Lem. 1 (Boundary-skin estimates(Kashiwabara-Oikawa-Zhou(2016),

Kashiwabara-Kemmochi(preprint)))

The following estimates hold.

/ fd’y—/fOWd’yh
w(E) E

1f = F omllioeyy < CRP I flwrneny £ € WPE(CH)
1l zorenzy < CO2 IVl oonyHh2P [ fl o) § € WHPET(C
( ( ) (

< Cn? /(E) fldy feL'\x(E)), E €&

2
3
2
4
5
6

)

1£llzr @y < CO* IV fll oy HAP I flloqryy) € WHP(Q)
lvh = v o 7| poo(r,y < Ch

—_~ o~ T~
~— — N —

vy, outward unit normal vector of T'y,, T'(Ch?): neighborhood of T'
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Preliminaries-Finite element

# represents N and DG because the properties of Nitsche's and DG
methods are quite similar.

Q c R? sufficiently smooth domain which inclueds Q,Qy,, T'(Ch2).

f: extension of f to Q.

Assume that ug, g are the restrictions of functions g, § defined on Q.

P1 finite element spaces Vi, Vpa

Vni={x € C(ﬁ): X|k € ’Pl(K)vK € Tn}
Voe = {x € L*(0): x|k € PH(K) K € T;}

There exist projections I1y: H?(Qy,) — Vy satisfying

|w = TLgw] o ey < Ch*™ w2y we H*K)K € T,, m=0,1,2.
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Preliminaries-Numerical flux

Ih={EcTy: E¢Th}=Th\&n
For v € H%(Qp) + Vpa and E € 7y, define {-} and [-] as below.

{v} = %(Ul +v), [v] := ving + vong,

1
{{VU]} = Q(VUl + VUQ) , [[Vv]] = Vv -n1 + Vg - ng

K1, Ky € Tp,: distinct elements satisfying £ = K1 N Ko, v; = v|g,
n;: outward unit normal vector on E wit respect to K;

For E € &, {Vuv} = 66:
h
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Nitsche's scheme

Nitsche's method

Find uy € Vy st ahN(uN,X) =ln(x) Yy € Vy (N)

apy (w,v) = Z (Vw, Vo) g + by (w, v)

KeTy
b 10,0) = Ez;{—j’;im (o vhe+ . 52005)
b e = (O 2
() = (F, o, + E};{ i ko=t e

hg = diam E, ~ > 0: sufficiently small constant




DG method

Find upc € Vpg st.  a?%(upg,x) =l(x) "x€Vbe (DG)

EG(w,v) = Z (Vw, Vo) g + bp(w, v)+Jp (w, v)
KeTy,
1
Tw) = Y {—<{{Vw},uvn> ~ (ol Ao Bs + (ol D)5 }
Ee€Ty

Y.Chiba, N. Saito (Univ.




3 . Analysis of Schemes
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For H*(Q,) + Vi (s > 3/2), define some norms by below.

||U||N = HVU||L2(Qh) + Z —|—h [[v ||L2(E)

Ee&y
ov
lolizen = ol + D_ hel|s -
EGE VrllLz(e)
lolhe = Vo7, + D Hh ol + D - ||[[vﬂ||L2<E)
Ee&y EeIh
lWlben =lvlbe+ D hel{Volli g
EeZ,u&y
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Properties of bilinear forms

Lem. 2 (Continuity, Coercivity)
We obtain

af (w,0) < Cllwllyy llol gy “w, v € H (@) + Vi

Moreover, If v is sufficiently small, we have

aff o x) > Clixle x € Vg

Generally, u & H*(23). Even if 4 is extension of u, ap(a,v) # I (v)
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Error estimates

Let u € H%(Q), uy € Vi be the solution of (1), (#), respectively. Then,
if v is sufficiently small, the following estimates hold.

_ - laj (@i, x) — I ()|
i — ugllyp < C | inf - €, + sup 12ntBX) =m0l (7)
#5h EEVy ol XE Vg ”X”#
lla — U#HL2(Qh) < C|:||Q~" - U#HL2(Qh\Q) +hla - U#”#,h
Z—Ixz U —u
L <|| # H#,h H #”#,h
2€H2(Q) ||Z||H2(Q)
|aff (@, Ty 2) — lh(H#f)\> ()
||Z||H2(Q)

U, Z: extension of u, z.
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Error estimates

Proof. Step 1
For £ € Vu, x = ux — &. By properties of bilinear form,

IxIIZ < Caf (x, x) = Cn(x) — af (&, x))
= C(a} (@— & x) — af (@, x) + (X))
< Clli = &l Ixlly + |aff (@ x) = (x)|-

Divide this by |[x|[.;, (7) holds.
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Error estimates

Proof. Step 2
For n € L%(Q,), 77 € L2(Q) denotes 0 extension. Let z € H2(Q) be the

solution of
—Az = 7 in
a—lf—l—z/s =0
Then,

(@ —ug,n)a, = a#( — ug, Z — ly2)
aF ah (u, H#Z) = lh(H#Z) + (?NL — U#, n aF Af)gh\g

0z Z

g

- Z [5+’7hE 3_Vh

EckEy,

a —whEa%m—u#»E .

By boundary-skin estimates and other estimates, we have (8).
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Error estimates

Thm. 1 (Optimal energy error)

Let u € H3(Q2) be the solution of (1). Let uy € Vi be the solution of
(#). Then, we have

=gl < Chlllellngey + ol + Wl (©)

Proof. Step 1

Need to estimate ‘a#(ﬂ, X) — lh(X)‘.
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Error estimates

Proof. Step 2

By boundary-skin estimates, |(—Aw — £, x)q, | < Ch? llwll sy X1 n-
By Holder's inequality and boundary-skin estimates,

Z € <811 U — Ug G, — 7h 8X>
— 1 _|\a5 — 9 X E5  /E
e, e+vhg | Oy, € ov,
ot w—1uy .
<C + — [P/
3l/h L2(Tp) #

< Ch(llull g2y + laoll g gy + 11 g y) Xl -

Xl and [Ix|l4 5 are uniformly equivalent on V., we obtain (9).
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Error estimates

Cor. 1 (Spherically symmetric case)

Let @ = {z e RY: |2| < 1}
Assume that the solution u € H3(Q) of (1) is spherically symmetric.
Define two finite elements spaces

Vnzi={x€C@Q): x|k € P2(K)"K € Ty}

Vbge :={x € L*(Q): x|k € P*(K) VK e Th}
Let uy € Vi o be the solution of

a#(ﬂ#,x) =1l(x) "X € Vgo.

Then,

[~ gl 0 < CH*(Jull s + ol gy + 132 )
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Error estimates

Thm. 2 (Optimal L? error)

Let u € H*(Q), uy € Vi be the solution of (1), (#), respectively. Then,
we have

i~ il 2,y < CR (Ul sy + ol o + 13l ey (10)

Proof. Step 1




Error estimates

Proof. Step 2

Define a(w,v) = (Vw, Vv)q + b(w, v).
Then, for v € H*(Q) + Vg, a(u,v) = l(v) holds.
Since @, Z are continuous on Qy, Jp, (4, Z) = 0. Hence,

a (i, Ty 2) — I (Ty2) = aff (@, yZ — 2) — I(TyZ — 2)
+a} (@, %) — a(u, 2) + 1(2) — In(3).
For first line, we get O(h?) estimate by consistency error and interpolation

estimate.
Second line includes terms such as th\Q~dac, fQ\Qh -dz,

JpTdy - fﬂ-(E) ~dy.
We get estimate (10) by boundary-skin estimates.
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4 . Numerical examples
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Numerical examples

Q= {|]z| <1} c R?, u(z) = sin(x;)sin(x2)

R e

—+
1 1 np =X )(/ 11 1l pgn —>— )/
101 101
102 ] A e X)//« i
u‘;j 103 u‘;j 103 /
] 2
1
1

(a) Nitsche (b) DG

Errors of energy and L? norms

Energy norm: O(h), L? norm: O(h?)
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Numerical examples

Q={lz| <1} CR% u(x) =/(z1 +1)2+23 (ug H?Y)

; I “‘NL,: ;*Z )//)
102 v///( /
A
A———/

102 10t
h

Errors of energy and L? norms of Nitsche's method

Energy norm and L? norm: O(h)
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Numerical examples

Q= {|]z] <1} C R?,

P1 Element: Energy norm: O(h), L? norm O(h?)
P2 Element: Energy norm and L? norm: O(h2)

Y.Chiba, N. Saito (U

u(z) = exp(—x? — 22)  (spherically symmetric)
T 2 100 2
I ||N,h3: / Il ||N,h3:
=X 10t

I

4

v
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gl
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(a) P1 Element

Errors of energy and L? norms of Nitsche's method
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(b) P2 Element




Conclusion

We show the energy and L? error estimates of Nitsche's and DG methods
for the Poisson equation with Robin boundary condition in a smooth
domain.

The results are optimal for the P1 elements, and the energy error is optimal
for the P2 elements in the case of a spherically symmetric function.

> Extend these results to generalized Robin and dynamic boundary
conditions
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