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1 . Introduction
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HDG method

Finite element method

Continuous piecewise polynomial

Discontinous Galerkin method

Discontinuous piecewise polynomial
Good for convection dominant problem. DoF is relatively large.

Hybridized discontinuous Galerkin(HDG) method

Discontinuous piecewise polynomial and numerical trace between each
element

DoF is smaller than that of DG using higher degree polynomial(static
condensation).

Superconvergence properties hold under some conditions.




HDG method

Static condensation

up: polynomial on each element, 4y: numerical trace

G a2) ()= (6)

Az Az ) \up G

S Aty = G — Asjup, Ariup = F — Aoty

& (Agg + A1 AT Ar)ty, = G — A21A1_111*:, up, = A (F — A1aiy,)

Global problem Local problem

Local problem can be solved independently on each element.
—The cost of calculation Ail is small.
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FEM

Degree of freedom (2-dimension space)

FEM

DG

HDG

P1

vertex (25)

3xelement (96)

2xedge (112)

P2

vertex+edge (81)

6xelement (192)

3xedge (168)

P3

vertex+2x edge
+element (169)

10xelement(320)

4xedge(224)




Numerical method in a smooth domain

Numerical computitaion in a smooth domain

We utilize polyhedral approximations of the domain.

Original problem Approximate problem

-

Vu-Vvdx:/ fode v eV,

/Vu-Vvdw:/fvdx YoeV
Q Q Qn

Qp

Even if );, converges to (), an approximate solution may converge to the
solution of a different problem.




Numerical method in a smooth domain

Example 1. Babsiika's paradox ]

—A%2y = 1 in Q
u:% = 0 on 0N

Q = {22 + y% < 1},v: outward unit normal vector

Exact solution u(z,y) = (22 + y* — 1)(2% + y? — 5) /64

—A%u, = 1 in Q 5
up =% = 0 on 9N, (Bx)

Q,,: regular n-polygon inscribed to €,v,: outward unit normal vector

up(z,y) = (22 +y? — 1)(2? + 9% — 3)/64 # u(x,y) as n — oo




Numerical method in a smooth domain

Example 2. generalized Robin boundary conditon J
—Auy = f in Q
C
8—U+U—Aru = g on I (©)
ov

Q: smooth domain,Ar: Laplace-Beltrami operator

Apply two DG schemes

Difference — definition of jump of boundary /
(i) Use Q (|>

(ii) Use Qp,

Scheme (i): up, = u (| |>

Scheme (ii): up 4 u




Numerical method in a smooth domain

Example 2. generalized Robin boundary conditon ]
—Au = f in Q
0 C
au +u—Aru = g on T (©)
v
Q: smooth domain,Ar: Laplace-Beltrami operator
Apply two DG schemes 10°
Difference — definition of jump of boundary o
(i) Use Q - N
(i) Use Qp -
Scheme (i): up — u g
Scheme (ii): up 4 u o /
eg. Q: circle i /_ =




Numerical method in a smooth domain

Example 2. generalized Robin boundary conditon ]
—Au = f in Q
C
@—Fu—Aru = g on T (©)
ov

Q: smooth domain,Ar: Laplace-Beltrami operator

Apply two DG schemes 10°
Difference — definition of jump of boundary -
(i) Use Q g b
(ii) Use - /
Scheme (i): up, — u ; w| /
Scheme (ii): up 4 u o ‘
2
eg. e|||pse ool e




2 . HDG Scheme




Model equation

Diffusion equation
{—V-(c_1Vu) — fin Q

1
c_l@Jrau = g on ['=00 (1)
v

Q C RY(N = 2, 3): smooth domain, v: outward unit normal vector on I'
c: sufficiently smooth, symmetric, uniformly positive definite matrix-valued
function

f, g: sufficiently smooth function, «: positive constant

This is equivalent to




Polygonal approximation

{Tn}n: a family of regular triangulations, 07, := {0K: K € Tp,}
Qp = int(UKeTh K), Ty = 0Qy,.

Fp:={F: Fisan (N — 1)-face of some K € T}
Fli={FeF,:FCly}, Fi={FeF,:FgTy}=F\F.
Assume that

Every vertex of F € .7:}? lies on T'.

I'y, is expressed as I'y, = UFGI’? F.
For the sake of simplicity,

(w,v)7;, = Z (w, )k, (w,v)a7;, = Z (w, V)oK

KeTy KeTy,

lwllF, = (w,w)r,, il = (w,w)or,




HDG spaces

Wy, = {wh € LQ(Qh)Z wth S Wh(K) VK S 771}
Vi = {vp, € LX) : oplx € Vi(K) YK € T}
My, == {pn, € L*(Fn): pnlk € My(F)"F € Fp}

HDG method in smooth domain



HDG scheme

For qn € Vh(K), up € Wh(K) and th S Mh((‘)K),
Gn-n:=qp-n+7(up —ap) on K

n: outward unit normal vector on 9K,
7: symmetric uniformly positive linear function.

HDG scheme
Find (qh,uh,ﬁh) e Vi, x Wy, x My, s.t.

(cqn,vn)7, — (Un, V- o) 7, + (Un, v - n)ay;, =0 Yo € Vi,
—(qn, V)7, + (Gn - nywhar, = (fiw)a, “wn € Wy
—(dn - 1, Yo, + olin, tr)r, = (G, pa)r, "t € My

(3)

v

f, §: extension of f, g




HDG scheme

Py is projection into V}, satisfying

(CPVQ7'U}L>'T}L = (Cq,Uh)"[;L v/Uh S Vh
For € L%(9Ty,), we define lift function ® (1) € Vj, as

(c®(p),vn) 7, = (1,0 - Mo, "0 € Vi
Bilinear form ay, in (Wj, + H*(,)) x L*(Fy) as
an(u, @;w, 1) = (cPyc 'Vu, Pye 'Vuw)r, — (Pye™'Vau) -n,w — o,
— (u— 1, (Pyc 'Vw) - n)ar, + (c®(u —0), ®(w — p))7,
+ <T(U —4),w — o, + o, m)r,
In(wn, ) = (fywn)e, + (g, pn)r,

Scheme (3) can be rewritten as

Find (uh,ﬂh) e Wy x My, s.t.

an(up, Gp; wh, pin) = (wp, pp) - “wy, € Wi, i € My,




3 . Analysis of the scheme




Boundary-skin estimates

Lemma 1 (Boundary-skin estimates(Kashiwabara-Oikawa-Zhou(2016),

Kashiwabara-Kemmochi(preprint)))

For sufficiently small h, the following estimates hold.

fdv—/fomh
) F

< on? / Ml S aE), PR )

w(F
If = fomllee,) < OhQiQ/pr”lep(r(Ch?)) f e WHP(T(Ch?)) (6)
I fllzer(cnzy < CR2IVllLoicnzy) + B2l fllpe@) £ € Wl’p(F(ChQ))( )
.
I £llo@ne) < CR2IV Flle@ne) + RPN fllLew,))  F€WHP(Qn) (8)
lvh —vom|peo(r,) < Ch 9)

m: orthogonal projection into I",i,: outward unit normal vector of T',
['(Ch?): neighborhood of T'




Boundary-skin estimates

For w € HY(Q,), w, € Wy, and py, € Mj,

1/2
lw+wrlz2\0) < Ch|!w+wh||H1(Qh)+h( > h}1||wh—uh||%2(am>
KeTn
(10)

v

Define Epup € Wy N H! (Qh) as

Eppn(p) = . Z ur|F(p) pis a vertex of K € Ty,
FuP) )

where F,(p) = {F € Fp: p € OF'}.

[w + wnl 2,0\ < Chllw +wnllg1(e,) + Chllwn — Eppnl g0y

+ [lwn — EnpnllL2,\0)




Properties of HDG space

Remark 1
For w € H?(S)y,), there exists (wp, pn) € Wy, X My, such that

lw — wall gk sy < CR2Fllwll oy YK € Thy k= 0,1,2

lw — pall 20K < Chid Pllwllg2y VK € Th

| \

Remark 2
There exists a positive constant C satisfying

lonllZ2@ox) < Cihig lvnlliagy “vn € Va(K), K € To.  (11)

e, w}lIf, := Nl Pye Vg, + 11712 (w = i)l37,, + allull?,




Properties of ay,

For K € Ty,
(cw,w) g 0 (TH, ) or

CK min ‘= min 2 »  TK,min ‘= B}
weL2(K)2\{0} [|el|72 g neM (O} (|1l 72 o)

Assume that there exists a constant M > 1 satisfying
o n—1
TK,minCK min > AjclhK VK € 77La (12)

Lemma 3

There exists a positive constant C' satisfying

an(u, 4w, p) < C||{u, @}||nll{w, p}ln
Y(u, @), (w, 1) € (Wy + H5(Qp)) x LA(Fp),  (13)

and

an (W, pn; whs 1) > Cll{wp, w7 Y (wh, ) € Wiy x My, (14)




Energy error estimate

Theorem 1

Let u € H3(Q2) be the solution of (1), and (ug,s) € Wy, x My, be the
solution of (4). Then,

1~ wn, @~ i} ln < Ch(lullacay + gy (19)

Here, 4 is extension of w.

Using (13) and (14), we have
u— ) U — U < O i f u— ’ u—
[{@ —up, @ — ap}|ln < (wh’uh)ﬂelwthhH{u W, U — fin}|n

L C sup |an (@, @ wh, pn) — ln(wh, pn)|

(wh,ktn) EWp X My, ||{wha/~0h}‘|h




Energy error estiamte

Using integration by parts, we obtain

ah(’l], aa Wh, ,UJh) - lh(wh7 /,Lh)
= (V-0,wp)7, — (0, 1) 7, + (=V - Vi — fwp)T,
+(c'Va-n+ai - g, u)r,

where 8 = ¢~'Vi — Py~ V.

|(V - 0,wn)7, — (0, in)7,| < |—(0, Vwp) 7, + (0, wh — pin) 73,

< Chllil g2 IVwnlz + () 1007201) (D lwn = pall72om) "
KeTy, KeT),

< Chlla] (o) (le'? Pre™ N wn|l 7, + 1772 (wn = ) o, ).




~’) .
L~ error estimate

Let u € H*(Q) be the solution of (1), and (up, ) € Wy, x My, be the
solution of (4). Then,

1% — wnll 20,y < CR*(lull ) + 190 s s3y)- (16)

For n € L?(Q,), we define 7j as zero extension. Let z € H?(Q) be the

solution of
{ ~V-(c'Vz) =7 in

0
cfl—z+az =0 on I.

ov
Then,

121l 2() < Clinllz2@)- (17)




~’) .
L~ error estimate

We set Z is extension of z, e = 4 — uy, and é = 4 — 1y,. Then, we have

(e, r2(,) = (6, =V - (¢7'VE))q, — (e, =V - (¢7'V2))a, + (€,n)12(0)
=(e,=V - (c'V2)q, + (e,n+ V- (c7'VE)) 120,00

Using integration by parts, we obtain

(e,=V - (c"'V2))gq,

= (Ve,c V25, — (e, 'VZ n)or,

= ap(e, & Z — wp, Z — pup) + an (@, @ w, pn) — lp(wp, pn)
+(Ve, ¢ 'Vz — Pyc'VE) 7, + (e — &, Py 'Vi-n—c Vi n)or,
— (&, \Vz-v+ QZ)r2(r,)

where wy, € Wy, and uy, € M,




an(t, W wh, pn) — b (wh, pp) = ap(@, 4; 2, 2) — 1h(Z, 2)
1Z—

Since w is the solution of (1) and @ = Pu, we have
(¢7'VE, V2)a + (i, Z)r = (f,2)a + (3, )r.
Hence, we obtain
ah(ﬂ W;2,2) — (3, 2) = (cPye Vi, Pyc 'V3) 1, — (¢ 'V, Vi)g
(@, 2)r,, — (@, 2)r) = ((f, D), — (f.2)e) — (g, 2)r, — (3, 2)1),

and we have
(cPyc Vi, Pyc 'V2)r, — (¢c7'Vi, Vi)
= (Pyc 'Va — ¢ 'V, V2) 7, + (¢7'Va, Vi)g, — (c'Va, Vi)g




4 . Numerical examples




Numerical examples

Q = {|z| < 1} C R?, exact solution: u(z) = exp(— |z|*)

0

10

11, >

102 107"
h

Energy and L? norm error

Energy norm: O(h) 2 norm: O(h?)




Numerical examples

Q = {|z| < 1} C R?, exact solution: u(z) = sin(z1) sin(x)

0

10

h 3

. —,—%

102 107"
h

Energy and L? norm error

Energy norm: O(h) 2 norm: O(h?)




Numerical examples

Q= {22/4+ 23 <1} CR?, exact solution: u(z) = sin(wz) sin(rzs)

- hi ¥ ){/(/’<
10° / /+
102 /
10° /

=

Energy and L? norm error

107 10°
h

Energy norm: O( ), L? norm: O(h?)
i 3 HD di




Conclusion

We show the energy and L? error estimates of HDG methods for the
diffusion equation with Robin boundary condition in a smooth domain.
This result is similar to previous FEM and DG results.

» Consider more complex boundary condition.
eg. dynamic boundary condition

ou Ou
E—Fa—y—l—au—BApu—g onT




Appendix 1. DG methof for generalized Robin

Find w, €Wy, st aq,(un,x) =I(x) "xeW,  (18)
ag, (u,v) = ag, (u,v) + aro (u,v)

at, (u,v) = Z (Vu, V)i

KeTy,

+ Y (~@Vube, Rle)r = ([ole {90} r)r + 7 (Tl [)e)r)

FEJ-'

af’?(u,v) = Z (a(u, v)E + ﬁ(Vrhu,Vrhv)F)

FeFp

+ > ( {Vr,ubr, [v]r)r — ([v]r, {Vr,v}r)R + - ([[U]]Ra [v]r)r )

RERy,

lh(v) = (Thﬁ U)Qh + (fhg,v)rh

o > 0: positive constant, fh: Laglange interpolation into W,.
Ry ={R: Ris (n —2) — face of someF' € F7}

HDG method in smooth domain




Appendix 1. DG methof for generalized Robin

For F € F?,
1
{vlr = 5(111 + v2), [v]F :=ving1 + vong,e,
1
HVU}F = g(vm + VUQ), HV’U]]F = Vo - ng1 + Vs - ng.2.

Here, there exist distinct K1, K2 € 7T}, satisfying F' = 0K1 N 0K, v; = v|k,, and ng;
is outward unit normal vector on E with respect to K.
Similarly, for R € Ry,

{v}r = = (v1 + v2), [v]r :=ving,1 + vang,2,

N~ N~

{Vr,v}r = 5 (Vr,v1 + Vr,v2), [[VFhU]]R :=Vr,v1-nr1+ Vr,v2-ngr2.

Here, there exist distinct F1, Fy € F? satsfying R = F1 N F2, v; = v|r,.
(i) npg,; is outward unit normal vector on R with respect to m(F).
(i) ng,; is outward unit normal vector on R with respect to F;.




Appendix 1. DG methof for generalized Robin

Similarly, for R € Ry,

{v}r = = (v1 + v2), [v]r :=ving,1 + vang,2,

{Vr,v}r =

N~ N~

(Vr,v1 + Vr,v2), [Vr,vlg:=Vr,v1-ngr1+ Vo, v2 - nga2.

Here, there exist distinct F1, Fy € F? satsfying R = F1 N F2, v; = v|r,.
(i) npg,; is outward unit normal vector on R with respect to m(F).
(i) ng,; is outward unit normal vector on R with respect to F;.




Appendix 2. Numerical examples (P2 element)

Q = {|z| < 1} C R?, exact solution: u(z) = exp(— |z|*)

0

10

h 3

102 107"
h

Energy and L2 norm error using P2 element

Energy norm: O(h2) norm: O(h?)




Appendix 2. Numerical examples (P2 element)

Q = {|z| < 1} C R?, exact solution: u(z) = sin(z1) sin(x)

0

10

11, >

el A

102 107"
h

Energy and L2 norm error using P2 element

Energy norm: O(h1 %), L? norm: O(h?)




	Introduction
	HDG method
	Numerical method in a smooth domain

	HDG Scheme
	Analysis of the scheme
	Energy error estimate
	L2 error estimate

	Numerical examples
	付録

